Hopf Galois Structures on Modular Extensions

Alan Koch

Agnes Scott College

May 20, 2014

Alan Koch (Agnes Scott College) 1/34



° Overview
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Let L/K be a finite extension.

Let H be a (finite, commutative, cocommutative) K-Hopf algebra,
comultiplication A, counit ¢, antipode .

Suppose L is an H-module and the action satisfies, for
he Hx,y e L,® = ®:

h(1) = e(h)(1)
h(xy) = mult A(h)(x ® y).

Then L is an H-module algebra.
If, in addition, the map

L® H — Endgk(L)
X ® hw— (y— xh(y))

is an isomorphism, then L/K is called Hopf Galois with Hopf algebra
H, or H-Galois.
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Example (“Hopf-Galois" O “Galois")
If L/K is Galois, it is H-Galois, H = KG, G = Gal(L/K).
Action: (ac)(x) = ac(x),ac K,o0 € G,x € L.

A,

Example (“Hopf-Galois" # “Galois")
Let K = Q,L = Q(w),w = V2. Then L/K is not Galois.
Let:
H = QJc, s]/(3s> + c® —1,(2c + 1)s,(2c + 1)(c — 1))
A(c)=c®c—-3s®s,e(c)=1,A(c)=c
A(S)=c®s+5s®cC,e(s)=0,A(s) =—s

c(1)=1 cw)=—-3w cw?)=-—
s(1)=0 s(w)=

= |

Then L/K is H-Galois.

A,
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Suppose L/K is separable. Is L/K Hopf Galois?

If so, is it Hopf Galois for more than one Hopf algebra?
[Greither-Pareigis, 1987] reduces these to group theory questions.
Let E be a Galois closure of L/K, G = Gal(E/K), and G’ = Gal(E/L).
There is a one-to-one correspondence

{ Hopf Galois structures } { Regular subgroups of Perm(G/G) }

onL/K (left cosets) normalized by G
So:
@ Answers to existence/uniqueness questions only depend on the
groups.

@ The number of Hopf algebra structures on L/K is finite.
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Suppose L/K is a primitive, purely inseparable extension, [L : K] = p".
Question. Is L/K Hopf Galois?

Yes [Chase, 1976].

Write L = K(x),x?" = b € K.

Let H = K[{]/(t*"), A(t) = t@ 1 + 1@ t,e(t) = 0,\(t) = —t.

Define a: L — L ® H by

a(x)=x1+1x ¢t

Taking duals gives an action L ® H* — L which makes L/K H*-Galois.
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Pink = Previous Slide

Suppose L/K is a primitive, purely inseparable extension, [L : K] = p”.

New Question. Is L/K Hopf Galois for more than one choice of Hopf
algebra?

[Chase, 1976] suggests the answer is yes if n > 1.

We will show this is the case, and construct an example where L/K
has an infinite number of Hopf Galois structures.
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As with [Chase, 1976], we will consider the coaction dual to the Hopf
Galois action.

Let H be a K-Hopf algebra. L is an H-Galois object if there exists a
K-algebramap o : L — L ® H such that

(a@1)a=(13A)x
mult(1 ® e)a = 1
andthemap~:L® L — L® H given by

Y(x®@y) = xa(y)

is an isomorphism.

Fact. L/K is H-Galois iff L is an H*-Galois object.
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e A Construction
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Some Witt polynomials

For each d > 0, define wy(2, ..., 2Zy) € Z[Z, . . ., Zy] by

d d—1
Wo(Zo,... . Zg) =28 +pZf  +-- +p°Z.

Define Sy € Z[ Xy, . .., Xq, Yo, - - ., Yq4] recursively by

Wa(So, - - -, Sd) = Wa(Xo, - - -, Xg) + Wa(Yo, .- -, Ya)-

Yes, the coefficients are in Z.
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We continue to assume char K = p.
Pick 0 <r<n,fe K*.Letd=[n/r] —1. B
Define a sequence {f; : i > 1} in the algebraic closure K by

fo=rP =P i,

Let Hp, s = K[t]/(t°") and define

A(t) = Sy((fat?" @1,... it @1, t@1);

(1@ Lt?", . At 1a1)
e(t)y=0
A(t) = —t.

Proposition
Hnr.r = K[t]/(t") is a K-Hopf algebra.
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Hn,r,f = K[t]/(tpn)7

A(t) = Sy((fat*" @1,... it @1, t@1);
(1@ LHt"", .. 18 Ht”,181)).

Facts

@ H,,risalocal K-algebra.
Q H,,is alocal K-algebra.
We say H,,,  is “local-local".
Q Iff,f e K<and f/f e (K*)P""'~1 then Hpy, s = Hyppr.
@ If 2r > nthen the converse holds: H, s = H, , ¢ iff
f/f e (K*)P'=1,
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Hn,r,f = K[t]/(tpn)a

A(t):Sd((fdtpdr®1,...,f1tpr®1,t®1);
1L, .. 18t 181)),

Hor & Hppo iff £/F € (KX 1.

Let k be a perfect field, K = k(Tq, T»,...). Let 2r > n.
Thenforall i # j,Hp, 1 2 Hn,,jj, and so there are an infinite number of
isomorphism classes of these Hopf algebras.
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Example (Case d =1, i.e., 2r > n.)

At =Si((AF @1,t21);(1® HF,101)
p—1
1 r r
t®1+1®t+e§:1:€!(p_£)!(f1t Y ® ()

p—1
1 s r
=t®1+1 ®t+f1p g — gt P-0)
= 2(p—0)!

p—1
1 s s
= E I o' (p—2)
t®1+1®t+f(8_1€!(p_€)!t Rt .

(Recall f; = fP~")
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e Primitive Extensions
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Let L= K(x),x"" =be K,[L: K]=p".
Define a: L — L ® H,, , by

a(x) = Sg((faxP" @1, ... hxP @1, x21); 1kt ... 1ot 1a1)).

(Can show a(x)?" = b® 1, so « is a well-defined K-algebra map.)
Since Witt vector addition is associative, (a ® 1)a = (1 ® A)a.
Also, since (t) = 0,
(1@ e)a(x) = Sa((axP @1,....x@1); (1 ® fye(t)P”, ..., 1 @ (1))
=x®1,
so mult(1 ® e)a = 1.
The induced map v: L® L — L ® H,, ris an isomorphism.

Thus, Lis an H, , ;-Galois object.
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The coaction depends on the chosen algebra generator of L.

Example (Assume p odd.)

Let y = x2. Then L = K(y) and x = b~'y(P"+1)/2_ Then we can define
O/ L — L® Hn7r’f by

o (y) = Sa((fay?" @1,... . hyP @1, ye1); 1eit?” ... 1aHt7 1t1)).

So

o/(x) = b A(y) PP £ o(x).

More generally, let y; = x/, 1 <i<p"—1,pti.
Then L = K(y;), and

ai(yi) = Sa((fayP @1, fiyP @1, yi@1); (1ekt™” . 1okt 1at))

can be used to make L an H, , ;-Galois object.
We have p"~'(p — 1) different coactions.

Alan Koch (Agnes Scott College) 17/34



Theorem

Let[L: K]=p",L=K(x),x"" € K. ForO <r <nandfecK*, let
Hn,r,f = K[t]/(tp )’

A(t) = Sg((ftP" @1,..., {tF @1, t@1); (1t , .. 1htP 1a1)).

Then L/K is H , (-Galois.

If we allow n = r then H, o is Chase’s Hopf algebra (and the choice of
f is irrelevant).
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e Example: The Case r = n—1
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The Greither-Pareigis results describe actions, not coactions.

Suppose r=n—1.

Then Hy 1.1 = Hyno1.p iff £/ € (KX)P 1.

LetH=H; Nt
Objectives.

@ Explicitly describe the Hopf algebra structure on H.
@ Explicitly describe an action of H on L.
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LetH=H; , )

H has K-basis {z;: 0 < j < p" — 1}, where

zi(t') = 4;j (Kronecker delta).

The algebra structure arises from the coalgebra structure on Hy, ,_1 ¢ :

(21,2,)(t') = mult(z;, @ z,)A(t)
— mult(z, ® z,)(S1((ht°7" @1, te1);(1e 4t 1 t)
p-1 /_
—mult(z, © z,)(t@ 1+ 1@ty 7 e )
=1
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p—1
(2,2,)(t") = mult(z, © z,-z)(t® T+1@t+fy " g tP”*‘(p—f))
/=1

i

Forfort <m<p—-1,0<s<n-1 it can be shown:’

) zgs’ = M Zmps

o fors#n—1,z5=0

° zg,,_1 = fz
P
© Z,1= 0

@ His generated as a K-algebra by {zp, ..., Z,-1}

2
H = /’([Zp7 .. ,an71]/(zg,. . .,Zgnfz,zgn71)

"More detail Thursday.
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The comultiplication on H is induced from the multiplication on
Hn,nf1,f :

A(z) € H® H = Homy(Hpn1,f® Hnpno11, K)
A(zZ)(t" ® t2) = z(t'2) = 5 44,) ;.

So
J
Az)=> zi®z,
i=0
which can be written in terms of the algebra generators {zps} using
p-adic expansions for each i.
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In particular?, since z| = iz; for i < p and 2 ot = fz1,

p
Z) =Y Zi®2
i=0

p—1
:zp®1+1®zp+Zz,-®pr,'

i=1

p—1
=z01+102z+) (N)7'Ze(p-)) 2"

i=1

_ P i P p—i
—zp®1+1®zp+i§_;,-!(p il ) @ (25

i

p—1

1

_ —p p(p—1)

—Zp®1+1®zp+f z;ll(p—l)l pn1®zn1
i—

=Si((F 21 ®1,201);, (10 F 1 2501,1® 2)).

2L ess detail Thursday.
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The Hopf Galois action L ® H — L is induced by the coaction
a:L—=LoHyp q1f:

Zps(x') = mult(1 @ Zps)a(x').

Explicitly, if i = S27-] i;p’ then:

Zps(x') = isx P 0 <s<n—1

i . j— n—1 . j—pn—1_1
Zpn1(X') = ip_1x'7P" " —ifox""P .

(Recall b= x"" € K.)
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Let k be a perfect field.

K=k(T{, Tp,...).
L=K(x),x"=becK,[L:K]=p",n>1.

Then forall i # j, Hyn—1,7, # Hnn—1,7, @s before.

L/K is H-Galois for an infinite number of Hopf algebras H.

Contrast to the L/K separable case:

@ Finite number of Hopf algebras.

© Exact number independent of K.
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e Modular Extensions
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Now suppose L/K is modular, i.e.
LEK(X)®: @ K(xn), [K(X) : K] = JoXd
[Chase, 1976] shows L is an H-Galois object for

H=Klt,. .t/ ") A =te1+1at,

This is a tensor product of Chase’s Hopf algebras Hp, ¢, o-

Let
H=He rnf ®: - @ Heyproy 0 <1 < én.

Then L can be made into an H-Galois object in
pelp= e p (p—1)" = [L: K]p "(p—1)"

different ways.
Is L an H-Galois object for a more interesting choice of H?
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Example (1)

Let L = K(x,y),[K(x) : K] = [K(y) : K] = p?
Let H = K(t, u)/(t*, uP*) with

p—1
A)=te1+1@t+ P @ uPlP)

=1
Alu)=ux1+1u.

Define
p—1
a(X)=x®1+10t+ IRy @ uPP=9
=1
ay)=yei+iou -

\
Then L is an H-Galois object. X= Q¢ L?—-(L\

v
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Example (2)
Same L = K(x, y). Let H = K(t, u)/(t**, uP*) with

p—1
Ay =t@1+1@t+ Yt — u)P* @ (t — u)PP=)
=1
p—1
AU)=ue1+1Qu+ diP @ uPlP-9),
=1

Define

p—1
a(X) =x@1+1®t+ Yfx — y)Pr @ (t — u)PlP=9
=1
p—1
ay) =y 1+10u+ 5P @ uPP=9).
=1

Then L is an H-Galois object.
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Crazy Idea
Let L/K be modular, and let H be a local-local Hopf algebra such that

LL2 L H*

as K-algebras. Then L is an H*-Galois object (and hence L/K is
H-Galois).

In other words, whether L/K is H-Galois depends only on the algebra
structure of H*.

Loosely,
L=K(x1) @@ K(xn), [K(x) : K] = p®
H=K(t,... tn)/ (" ... 57,

and o : L — L ® H arises from substituting x; for f; in the first factor of
A(t) for all .
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@ What's Next
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Work to come (hopefully):

@ Explicit computations of H} , ; and its action on L when r <n—1,
especially r < n/2.
@ A necessary condition for Hy , r = Hp, ; .
o Conjecture: the 2r > n condition extends to all r.

@ For afixed K, a count (or parameterization) of the isomorphism
classes of Hopf algebras Hp , t.

@ More examples not of the form @ H,, ;. 7.

@ Suppose k finite, K = k((T)), Ok = K[[T]].
o A classification of Ox-Hopf orders in Hy, ;¢

o A classification of Ok-Hopf orders in H,*;ﬁr’,

@ Proof (or counterexample) to the Crazy Idea (but not right away).
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Thank you.
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